Mitsuhiro ITOH* §0. Introduction and Main Theorems
space of the moduli space M^, G , we have the following theorem.
Theorem 0.1. Let M be a compact Kahler surface of positive scalar curvature and P a smooth principal bundle with a compact semi-simple Lie group G. Let E be a complex vector bundle associated with P. Then the space of infinitesimal deformations of irreducible anti-self-dual G-connections has the dimension
Here Q P is the Lie algebra bundle associated with P and g£ is its complexification, and Ponti(-), % and T are the first Pontrjagin number, the Euler number of M and the signature of M, respectively, This theorem is shown by the aid of propositions (Proposition 2.4, Theorem 3.1 and Theorem 4.1) mostly parallel to the proof of Theorem 6.1 in [2] . However, the fact that an anti-self-dual 2-form is characterized as a form of type (1, 1) , orthogonal to the fundamental form Q plays an essential role in proving our theorem (Lemma 2.1). If we are given an irreducible anti-self-dual G-connection V, then we observe in Proposition 2.4 that the space of infinitesimal deformations of V preserving anti-self-duality is exactly the first cohomology group H 1 of a certain elliptic complex. That the 0-th cohomology group H°v anishes follows immediately from the irreducibility of V. Further under the assumption that M has positive scalar curvature the vanishing theorem of the second cohomology group H z is shown by a Bochner type estimate of the Laplacians associated with the complex in Theorem 3.1. Then the dimension of the space of infinitesimal deformations is obtained by applying the Atiyah-Singer index theorem to the complex in the similar manner to the Riemann-Roch-Hirzebruch theorem for a holomorphic vector bundle (Theorem 4.1).
If we apply Kuranishi's method to Theorem 0.1 in the same manner as in the proof of Theorem 6.1 in [2] , then we obtain the following. Theorem 0.2. Under the same assumption as that in Theorem 0.1, the moduli space <3tt~E, G 
of irreducible anti-self-dual G-connections has a structure of manifold of dimension 1
if it is not empty.
Remark 1. Theorem 6.1 in [2] is stated as follows; the moduli space of irreducible self-dual G-connections over a compact self-dual Riemannian 4-manifold of positive scalar curvature is either empty or a manifold of dimension Pont 1 (gg)--|dimG(%--r).
However in our situation dim ^fj, G over a Kahler surface M with the canonical orientation does not necessarily coincide with the above formula, because the second cohomology group H 2 may not vanish, even if M is of positive scalar curvature.
Remark 2. An oriented Riemannian 4-manifold is called to be (anti-)selfdual if its Weyl's conformal curvature tensor, regarded as an End (TM)-valued form, is (anti-)self-dual ( [2] ). From the result of [6] together with Corollary 14.5 in [11] , a compact Kahler surface is self-dual if and only if it is a complex space form or a ruled surface (i.e., a Pi(C)-bundle over a compact complex curve) covered by the product of Pi(C) with positive constant curvature c and the unit disk D 1 with constant curvature -c. Therefore, a compact self-dual Suppose that a complex vector bundle E associated with a principal bundle P over a compact Kahler surface admits an anti-self-dual G-connection V. Then from Note after Proposition 2.2 in Section 2, E admits a hermitian structure h and a holomorphic structure / such that V/i=0 and V/=0. Since the curvature form R*=(RVj) is g-valued 2-form with respect to a G-frame (g<= §u(n), n=rankE), This proposition is verified as follows. Suppose that the holomorphic vector bundle E with the holomorphic structure / has a nontrivial global holomorphic section 0. Since Sg^^j^O (Proposition 2.2), 0 is parallel with respect to V ( [8] ) and hence it vanishes nowhere. Then the holonomy group is reduced to a proper closed subgroup of G. This is a contradiction to the irreducibility of V. Hence we have that H°(M; #(£))=0. The last part of this proposition is shown by the aid of Lemma 1.2.5, page 165 in [10] .
For the definition of a stable vector bundle, refer to [10] .
Remark. The moduli space ME, G of irreducible anti-self-dual S£/(2)-connections has dimension 2(4n-3) for a complex vector bundle E of rank 2, defined over P 2 (C), where d(E)=0 and c z (E) = n. This dimension corresponds to the fact that the moduli space of holomorphic vector bundles of rank 2 with Ci-Q, Cz-n over P Z (C) is a variety of complex dimension 4n-3 ( [4] ).
In Section 1 we define a G-connection and its curvature form on a vector bundle and treat notions of Yang-Mills G-connections and (anti-)self-dual Gconnections. This section also provides a note that is elemental when we covariantly exterior differentiate on a complex manifold.
In Section 2 we give a characterization of anti-self-dual G-connections over a Kahler surface and present a proposition which states a relation between infinitesimal deformations of anti-self-dual G-connections and the first cohomology group of a certain elliptic complex.
The vanishing theorems of the 0-th and the second cohomology groups of the complex are obtained in Section 3 and the index of the complex is calculated in Section 4.
In the remainder of this paper we devote ourselves to verification of Bochner's type formulas (Lemmas 3.2 and 3.3) that are key formulas in proving the vanishing theorem of the second cohomology group in Section 3.
For basic references about Yang-Mills G-connections, see [2] and [5] , and for fundamental notions of Kahler manifolds, refer to [9] and [14] .
The author is very grateful to Dr. Mulase for helpful conversations, especially for an advice on the stability condition of vector bundles. § 1. Connections and Curvature Forms on a Vector Bundle Let M be a compact oriented Riemannian manifold and P a smooth principal bundle over M with a compact semi-simple Lie group G. Then the Lie group bundle G P and the Lie algebra bundle g P are naturally induced from P by G P = Px c G and Q P =Px A d 9 respectively, where c: G-^AutG is the group conjugation and Ad is the adjoint representation of G to the Lie algebra g of G. A global smooth section of G P is called a gauge transformation of Pand F(M; G P \ which is denoted by Q P , is called the group of gauge transformations of P.
A locally faithful representation p of G to GL(n; C) induces a smooth complex vector bundle E-Px p C n over M. Every s of P over x of M naturally defines a linear isomorphism of C n onto the fibre E x by v-*s-v. Fix a frame {ei}i<azn of C n . Then a local smooth section s of P over an open U of M induces a local frame fallen of E over U given by ti=s-e i} l^i^n. The frame feli^^ is called a G-frame.
We denote by A P (E] the set of all smooth E-valued p-forms F(M; A P ®E} for £^0.
A connection V on E is a linear differential operator of first order from A\E) to A\E) which satisfies that V(/0)=d/<g)0+/70 for /eC°°(M) and ^EE Since V^ is represented by ^t i =^jA 7 it j for a matrix valued 1-form A*= We denote by CE.G the set of all G-connections on E. Since the difference of G-connections represents a g P -valued 1-form, C E , G has an affine structure, that is,
We notice that there is a one-to-one correspondence between C E ,G an d the set of all connections in P in the following manner. A connection in P with con-
l^i^n, for a local section s of P and a G-frame {^} defined by s ( [2] ). Conversely, for any ^J^C E , G we can define a connection in P with connection form a> such that 7 coincides with V".
We
introduce the notion of the irreducibility of a G-connection. A G-connection is called irreducible if its holonomy group is an open subgroup of G ([2]). The set of irreducible G-connections is an open subset of C ElG in a certain topology.
Given a G-connection V we can define a differential operator of first order
, called the covariant exterior differentiation as follows:
(1.2) d 7 (S i e*®f i )=2 4 We*+(-l)'S,^A^7 J % for local p-forms 6\ l^i^n.
is called the curvature form of V. Then we have
The similar formula also holds for d of A p (£), p^l;
Since ^v takes values in g locally and is transformed in the form of the adjoint representation of G with respect to a transformation of G-frames, R" 7 is regarded as a g P -valued 2-form, that is, J? v e^4 2 (g P ).
The bundle g P is identified with a subbundle of End(E) through p. We introduce a connection on g p by the aid of V in the following natural manner; A^v~]. Then we obtain the Ricci formula which will be used in proving a Bochner's type formula in Section 5;
we define an inner product by the aid of Hodge star operator * as follows;
Since the trace operator Tr A-B on ol(?z ; C) is adjoint invariant and its restriction to g is negative definite, the above global inner product is well defined. A functional ^M on C E ,G defined by 
. Deformations of Anti-Self-Dual Connections
In this section we shall discuss the space of infinitesimal deformations of irreducible anti-self-dual G-connections and we shall show that this space is nothing but the first cohomology group H 1 of an elliptic complex associated with a fixed irreducible anti-self-dual G-connection (Proposition 2.4).
First we show a proposition which characterizes an anti-self-dual G-connection. Before proving this proposition we need a key lemma which gives a characterization of an (anti-)self-dual form in terms of complex forms of type (P, ?) • We fix an orientation on M induced from the complex structure of M. An inner product <•, •> induced from g on the cotangent space T*M=A L at x is given by the aid of a local holomorphic coordinate {z^}^=i, 2 
A G-connection V z's anti-self-dual if and only if R^ is a Q P -valued form of type (1, 1), orthogonal to Q, that is, R"
7 belongs to A 1 -1^) and satisfies that ~W*=R* and <# v , fi>=0.
Since R" 7 of an anti-self-dual G-connection V is a form of type (1, 1) We define dj from ^(QP) to AJ(g P )=r(M; ^|(g)9p), which is well defined from Remark (i) of Lemma 2.1, by (2.7)
for B+eA 1 -0^) . Then we obtain the following
Proposition 2.3 0 /I § P -valued 1-form B gives an infinitesimal deformation of an anti-self-dual G-connection V preserving anti-self-duality if and only if B belongs to Ker dj.
Now we let f t ( \t \ < e) be a one-parameter family of gauge transformations of P with f ^identity. Then the differential of f t at f=0, f=(d/df)f t \ t =o, gives a smooth section of g P , that is, /eA°(g P ). Notice that conversely every smooth section / of g P induces a one-parameter subgroup / 2 =exp (tf) of £ F . By Proof. In order to verify that (2.8) is elliptic we show that the symbol sequence of (2.8) is exact ([!]) .
By the aid of (1.24) and (2.7), the symbol sequence extended to the complex numbers C is where p is the projection of T*M\{0} to M, a(d) and ff(d+) are the principal symbols of the following elliptic complex associated to M; Here d is the exterior differentiation and d+ is defined by d+(r + +r~)=9r + + <3z-+ +dr-, QyQ+dr-for r+e^1-0 and r'e^l 0 ' 1 . Thus the exactness of (2.9) is an immediate consequence of the ellipticity of (2.10). § 3. Vanishing Theorem Then we have that that is, vr^V+^+V+F^O. That F°=0 follows by the aid of the same argument as one in the proof of h°=0. Thus the theorem is proved. § 4. The Index of the Complex Since the symbol sequence (2.9) of the complex (2.8) is given by the symbol sequence of (2.10) being tensored with id on g£, the index of (2.8) can be calculated by the aid of Proposition 2.17 in [3] [9] ). Now we assume finally that M is complex two dimensional. Then, under the assumption that g a p=8ap at a fixed point x, the above quantity is reduced to -(Rii+Rz2)@ftv Since the scalar curvature p is given by p = -2^g a^R^a , this is equal to (1/2) p^^.
The terms including J^v are also reduced to, under the same assumption that g a p=dap at x,
